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Abstract
We investigate solutions to at space Friedmann-Robertson-Walker cosmolo-
gies in Brans-Dicke theory, in the presence of a positive cosmological constant.
The matter is modelled as a -law perfect uid. The eld equations are re-
duced from fourth order to second order through a change of variables, and
the resulting two-dimensional system is analyzed using dynamical system the-
ory. We nd that when the Brans-Dicke coupling constant is positive (! > 0),
all initially expanding models approach exponential expansion at late times,
regardless of the type of matter present. This is in contrast to the case of zero
cosmological constant but nonzero vacuum energy (the two are not equiva-
lent in this theory), where power-law expansion occurs and forms the basis
for models of extended ination. If ! < 0, then a wide variety of qualitatively
distinct models are present, including nonsingular \bounce" universes, \vac-
illating" universes and, in the special case of ! =  1, a class of models which








Since its introduction in 1961, the Brans-Dicke (BD) theory of gravity [1] has been
widely viewed as the simplest and most natural extension of general relativity (GR). Its
most signicant feature is a dynamical scalar eld which is coupled directly to the metric
in the gravitational sector, and which acts something like a variable gravitational constant.
The strenth of the interaction between the scalar and tensor elds is modulated by a coupling
constant !, the value of which is not determined by the dynamics of the theory, but rather
must be put in by hand. If one takes ! ! 1, one recovers general relativity; for this
reason, observational tests of GR may be used to put lower bounds on ! [2]. In the 1960's
and 1970's, many papers were written about cosmology using Brans-Dicke theory [3{6];
subsequently, however, as observations put increasingly stringent limits on the value of the
coupling constant, interest in the theory declined.
A recent renewal of interest in BD theory can be traced back to the inception of ination-
ary cosmology in 1981, when Guth recognized that a period of accelerated expansion in the
early universe could be driven by false-vacuum energy, and could solve many of the problems
of the standard model of cosmology [7]. These include the smoothness/horizon problem, the
atness/age problem, the structure problem and the massive relics problem. (A review of
these problems, and their resolution in an inationary scenario, is given in [8].) However,
in the original scenario proposed by Guth, one nds that once the scale-factor has grown
suciently to solve the aforementioned problems, it is not possible to exit ination into a
radiation-dominated era from which the presently observed universe could have emerged [9].
A large number of possible solutions have been proposed for this \graceful exit problem," one
of which, \extended ination" [10], is based on BD theory. This model solves the graceful
exit problem, while retaining the desirable feature of Guth's model that the ination-ending
phase transition be completed via the nucleation and subsequent collision of bubbles of true
vacuum, i.e., that it be rst order. This is possible because the interaction of the BD scalar
eld with the metric slows the expansion from exponential to power-law.
However, extended inationary models are constrained by observations of the microwave
background radiation in two ways. First, perturbations produced by collisions between
bubbles of true vacuum must not be too large [11]; and second, the spectrum of density
perturbations produced by quantum uctuations of the BD scalar must not deviate from
scale-invariance too much [12]. Each of these requirements puts a constraint on the value of
the coupling constant ! during ination which is in conict with the present-day constraint
of !  500 [13]. Taken individually, these conicts may be circumvented by a mechanism
which either conceals the eects of the scalar eld from current observations, or evolves the
value of the coupling constant in time [14{18]. (Since roughly 50 orders of magnitude in time
separate the inationary era from the present, such mechanisms have not proven especially
dicult to construct. Indeed, the necessary appearance of the dilaton in string theory has
led to the realization that scalar elds can, and indeed must, gain a mass and decouple
from present-day long-range physics.) Taken together, however, the two constraints which
act during the inationary era appear to rule out many extended ination models [12].
Models which survive include those based on more general scalar-tensor theories, such as
\hyperextended ination" [18], and hybrid models which include both a rst-order phase
transition and a period of slow-roll [16]. The renewed interest in scalar-tensor gravitation
2
has led to several recent investigations into the generation of exact solutions for cosmology in
such theories [19], as well as to some qualitative studies of the models which result [17,20{22].
In this paper we are concerned with the behavior of homogeneous and isotropic cosmo-
logical models in Brans-Dicke gravity, with the addition of a positive cosmological constant.
This diers from standard extended inationary scenarios in that the vacuum energy is de-
coupled from the scalar eld. In Sec. II, we write down the eld equations and show that
they can be reduced to a two-dimensional dynamical system in the case of at space. In
Sec. III, we analyze the dynamical system and discuss the general features of the solutions.
In Sec. IV we summarize the results.
II. THE FIELD EQUATIONS





















The original theory proposed by Brans and Dicke had ! constant and  = 0, and this form of
the theory was used by La and Steinhardt to construct their rst model of extended ination.
Subsequent models have allowed ! to depend on ; this is usually termed hyperextended
ination. Here we are concerned with yet another variation of the theory, where ! is a
constant but where, in addition to any matter, there is also a constant nonzero value of .
Previously, similar analyses have been performed for the case  6= 0 with no matter present
[23], and for the case  = 0 with additional matter present [21,22].
Taking ! and  constant, and varying Eq. (2.1) with respect to the metric and the scalar



















































































Assuming as the background metric the homogeneous and isotropic Friedmann-Robertson-
























































where a(t) is the cosmic scale factor. Assuming a perfect uid form for the stress-energy
tensor, i.e., T

= diag(; p; p; p), the usual conservation equation is also satised (the







(p + ): (2.8)
We turn now to theoretical considerations regarding the possible values of the coupling
constant !. Inspection of Eq. (2.6) reveals that we must have !   3=2 in order to satisfy
the eld equations for all values of k and , assuming only that  > 0 and  > 0. In
addition, one can show that the energy density of the scalar eld will be nonnegative in
the Einstein frame only for !   3=2; thus, for example, one can only apply the singularity
theorems of general relativity when ! is in this range. Furthermore, we see from the form of
the action in Eq. (2.1) that the integrity of the theory is lost if ! = 0. As a result of these
considerations, we take !   3=2 and ! 6= 0 in what follows.
Now we take k = 0, and transform the fourth-order system specied by Eqs. (2.6-2.8)
into a pair of coupled second-order equations in which, however, only rst derivatives of the
new variables appear. The resulting equations may then be analyzed using the established























Next, parametrize the equation of state by writing





























































(1  3=2)   3  

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(1   3=2): (2.17)



















The solutions (t) and (t) to the reduced eld equations will, in general, appear as
curves in the { plane. Among these, however, a special class of solutions are the equilib-
rium points of the dynamical system, which are simply the roots of Eqs. (2.17) and (2.18).
As each of these equations is a second order polynomial, we expect, in general, four equi-





this implies that _a=a =  =2A and
_




















Hence we see that a xed point in the { system represents a deSitter-like solution where
the scalar eld also varies exponentially.
It must be noted that although solution curves span the entire { plane, the en-
ergy condition  > 0 (we take  to represent the energy density of the matter, including
false-vacuum energy but not including the cosmological constant) eliminates some regions
































lie in  < 0 and thus do not represent physical solutions. Now let us proceed with the
analysis. In this paper we restrict ourselves to the consideration of models with  > 0;
however, it is clear that the techniques can easily be extended to models with a negative
cosmological constant.
1. \Vacuum" Solutions
Setting the right-hand sides of Eqs. (2.17) and (2.18) equal to zero, one nds that one
pair of equilibrium points are always present regardless of the value of ; they satisfy the


















































valid, when  > 0, for ! >  4=3. These solutions have been previously noted in the
literature [17,23]. Note that if ! =  1, then there are solutions where the geometry is static
and the scalar eld either grows or shrinks exponentially. This is somewhat noteworthy,
because one can show that in the absence of matter, but including a nonzero cosmological
constant, BD theory with ! =  1 is conformally equivalent to low-energy eective string
theory neglecting the three-form eld [24]. From now on, we shall for convenience refer to
the vacuum solutions with ! =  1 as \static-exponential" solutions.
It is important to note that although we shall continue to refer to the class of solutions
specied by Eqs. (3.6) and (3.7) as \vacuum" solutions throughout this paper, their physical
interpretation will actually be somewhat dierent in some cases. For instance, in the case
! =  1, if the universe were to start with some nite energy density and expansion rate,
and then evolve towards one of the static-exponential solutions, it is clear that it would
not end with zero matter density. Rather, it is the exponential expansion of the scalar
eld which drives the rst term on the RHS of Eq. (2.14) to zero, while the energy density
remains constant, as it must to satisfy the conservation equation (2.8) with _a = 0. Similarly,
a universe with matter in it can approach a contracting \vacuum" deSitter solution and
remain consistent with the eld equations, because although the energy density is increasing
exponentially, the scalar eld is growing even faster, so that their ratio vanishes at late times.
On the other hand, a matter-lled universe which approaches an expanding deSitter solution
will in fact be approaching a vacuum state, because its energy density will be decreasing
with the increase of the scale factor. Of course, all of the vacuum solutions remain valid in
the case where there is no matter present at any time.
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The location of the remaining equilibrium points depends upon the value of . In addi-
tion, the stability of all of the equilibrium solutions, determined by the eigenvalues of the
Jacobian matrix of the dynamical system, depends in general upon , as well as upon ! and
. Hence it is convenient to classify the models, and to discuss the overall character and
stability of the solutions, according to the equation of state of the matter. The details of
the stability analysis will not be included in what follows, but are given in Appendix A.
2. False-Vacuum Energy ( = 0)
First note that, unlike in general relativity, where the inclusion of  is exactly equivalent
to the presence of vacuum energy, in BD theory the two are qualitatively distinct. This is
the case because whereas in GR the vacuum energy enters the eld equations through the
term 8G
v
(which one can equate to ), in BD theory it enters through the term 8
v
=,















However, one sees immediately upon inspection of Eq. (2.14) that these solutions require
negative energy density and so are physically uninteresting. The stability analysis shows
that there is one stable vacuum deSitter solution when  > 0, and in the range ! >  1 this is
the expanding solution. If  4=3 < ! <  1, then the stable deSitter solution is contracting,
and if  3=2 < !   4=3, then no equilibrium points exist in the regime  > 0, and thus
there is no deSitter solution for these parameters. If ! =  1, then the static-exponential
solution with increasing scalar is stable.
The overall character of the solutions may be further examined by numerically integrating
the solutions (t) and (t) for a variety of initial conditions with each qualitatively distinct
set of parameters (; !; ). Figure 1 shows the results of this procedure for  = 0 and  > 0,
where we have selected  = 3 arbitrarily. The shaded regions in each case require  < 0, and
so are disallowed physically. Curves to the right of the line da=dt = 0 represent expanding
universes, and those to its left represent contracting universes. If ! > 0, as in Fig. 1a, then all
initially expanding models approach exponential expansion at late times, whereas all initially
contracting models contract until a singularity is reached. If  1 < ! < 0, as in Fig. 1b, then
in addition there exist \bounce" models which pass smoothly from contraction to expansion
without encountering a singularity, and \vacillating" models which pass from expansion to
contraction to reexpansion, or the time reversal of this behavior. If ! =  1, as in Fig. 1c,
then we see that there are models which start from a big bang and subsequently recontract
before approaching the static-exponential solution at late times. If  3=2 < ! <  1, then
we nd that all universes must collapse to a singularity, regardless of initial conditions. The
contraction may asymptotically become exponential if  4=3 < ! < 1 (not pictured), or it
may become superexponential if  3=2 < ! <  4=3, as in Fig. 1d.
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3. Pressureless Dust ( = 1)




















which exist for  > 0 when ! >  4=3. However, these solutions require  < 0, and
so are ruled out physically. The stability analysis shows that there is one stable vacuum
deSitter solution, which is expanding when ! >  1, and contracting when  4=3 < ! <  1.
When ! =  1, the static-exponential solution with increasing scalar is stable, and when
 3=2 < ! <  4=3, there are no equilibrium points and no deSitter solutions.
Figure 2 shows the numerically integrated solution curves for some qualitatively distinct
choices of parameters with  = 1. The analysis is similar to the case of false-vacuum energy.
When !  0, as in Fig. 2a, all expanding universes approach the deSitter solution at late
times, and all contracting universes contract to a singularity. When  1 < ! < 0, as in Fig.
2b, \bounce" models are also present, although the \vacillating" models are not. When
! =  1, as in Fig. 2c, models which start from a big bang approach the stable static-
exponential solution at late times, in this case without a preceeding period of contraction.
When  3=2 < ! <  1, all models collapse to a singularity; they either approach exponential
collapse if  4=3 < ! <  1 (not pictured), or superexponential collapse if  3=2 < ! <  4=3,
as in Fig. 2d.
4. Radiation ( = 4=3)
Matter for which the stress-energy is traceless plays a special role in Brans-Dicke theory,
as it is the trace of the stress-energy that acts as the matter source for the scalar eld in
Eq. (2.5). One interesting consequence of this is that the radiation-lled universes of Brans-
Dicke theory are conformally related to radiation-lled Einstein universes with a scalar eld



















which exist when  > 0 and ! >  3=2. In this case, the points exist in the regime  > 0 in



































The stability analysis shows that the vacuum solutions are both unstable when ! is in
this range, and one nds that of the new solutions represented by equilibrium points, the
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contracting solution is stable and the expanding solution is unstable. These solutions do not
satisfy the eld equations with  = 0, and therefore cannot be considered vacuum solutions;
however, by virtue of Eq. (2.14) the ratio of = must be constant, and one can easily verify
that this is the case. When ! >  1, the expanding vacuum deSitter solution is stable, and
in the range  5=4 < ! <  1, this stable vacuum solution is contracting. When ! =  1,
the static-exponential solution with increasing scalar is stable.
Figure 3 shows the numerically integrated solution curves for some qualitatively distinct
choices of parameters with  = 4=3. When ! > 0, all expanding models approach the
deSitter solution at late times, and all contracting models reach a singularity as usual.
When  1 < ! < 0, as in Fig. 3a, the nonsingular \bounce" models are also present.
When ! =  1, as in Fig. 3b, the usual static-exponential solution is approached by all
models which begin with a big bang, and also present are nonsingular models which pass
from contraction to expansion, and then approach the static-exponential solution. When
 5=4  ! <  1, as in Fig. 3c, the stable deSitter solution is contracting, and models
which start from a big bang all recontract, approaching exponential contraction at late
times. Here we also see \vacillating" universes, which start out contracting and then briey
expand before recontracting to a singularity, or which start out expanding and then briey
contract before reexpanding perpetually. When  3=2 < ! <  5=4, as in Fig. 3d, it is the
non-vacuum, contracting deSitter solution which attracts all models which start from a big
bang, and some models are present which expand from a big bang and then pass through
subsequent periods of contraction and \coasting" at a quasi-static value of the scale factor
before approaching exponential contraction at late times.
5. \Sti" Matter ( = 2)




 acts like a perfect uid
with equation of state p = . Hence an inaton eld near the true minimum of its potential,
and the dilaton eld of string theory each would behave this way in the classical limit. The




, can also be shown to act like such a uid. In




= 0, where the stress-energy is derived from the Lagrangian in the canonical way.











































As in the case of radiation, if ! is in this range, then the new contracting solution is stable
and the expanding solution is unstable, while both of the vacuum solutions are unstable. If
! >  1, the expanding vacuum solution is stable, and if  7=6 < ! <  1, the contracting
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vacuum solution is stable. In the case ! =  1, the static-exponential solution with increasing
scalar is stable as usual.
Figure 4 shows the numerically integrated solution curves for some qualitatively distinct
choices of parameters with  = 2. The behavior of the models is nearly identical to the
radiation-dominated case. If ! > 0, then all expanding models approach the deSitter vacuum
solution, and all contracting models contract to a singularity. If  1 < ! < 0, as in Fig. 4a,
nonsingular \bounce" models are also present. If ! =  1, as in Fig. 4b, then models starting
from a big bang approach the stable static-exponential solution at late times, and some
contracting models reexpand and then approach this solution as well. If  7=6  ! <  1,
as in Fig. 4c, then all models starting from a big bang eventually recontract, approaching
the stable, contracting deSitter solution at late times. Some \vacillating" models are also
present, which pass from contraction, to expansion, to exponential recontraction, or from
exponential expansion, to contraction, to reexpansion. Finally, in the range  3=2 < ! <
 7=6, the non-vacuum contracting de-Sitter solution attracts all big bang models at late
times, and here we see extreme cases of \vacillation": some models can vacillate several
times before settling down to exponential contraction at late times, as shown in Fig. 4d.
IV. SUMMARY
The exit problem of inationary cosmology, and the necessary presence of scalar elds
in fundamental eld theories such as string theory, have motivated an increasing number
of authors to incorporate scalar-tensor theories of gravitation into their models of ination.
It is of interest, therefore, to fully understand what cosmological models are available in
these theories. Here we have shown that in Brans-Dicke theory with a positive cosmological
constant, a wide range of at-space models exist, including some with no analogues in general
relativity. In general, these models are parametrized by the initial conditions of the scalar
eld, the value of the BD coupling constant, an initial expansion rate, an equation of state
for the matter and the value of the cosmological constant. The rst two parameters are, of
course, absent in general relativity. Let us summarize our results.
If ! is positive, then all expanding models approach exponential expansion (deSitter
spacetime) at late times, and all contracting models contract to a singularity. Indeed, in the
limit ! !1, the solutions become identical to the deSitter universe where a(t)  e
t=3
and
(t) = constant, in accordance with the well-established correspondence between GR and
BD theory in this limit.
If  1 < ! < 0, then nonsingular \bounce" models are also possible; these may or may
not approach deSitter spacetime at late times, depending upon the initial conditions of the
model. This behavior has been noted by other authors [27]. Also there are \vacillating"
models, which expand from a big bang, slow down, and recontract before continuing their
expansion and approaching deSitter spacetime. The time-reversal of this behavior also
exists, so that there are models which start from near-exponential contraction, and then
briey expand before recontracting to a big crunch.
If  3=2 < ! <  1, then the models depend more heavily upon the type of matter
present. In the case of false-vacuum energy or pressureless dust, all models must collapse
to a singularity; this collapse will become asymptotically exponential if  4=3 < ! <  1, or
superexponential if  3=2 < ! <  4=3. In the case of radiation, if  5=4  ! <  1, then
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all models which start from a big bang will eventually contract (approaching exponential
contraction) to a big crunch, but there are also models which start with a nite expansion
rate and expand forever, including \vacillating" models which undergo a brief period of
contraction in the midst of their perpetual expansion. Models which are the time reversal of
these; i.e., models which begin in contraction, and then briey expand before recontracting,
are also possible. If  3=2 < ! <  5=4, then all models must collapse to a singularity; the
collapse will be asymptotically exponential for models starting from a big bang. In the case
of \sti" matter, if  7=6  ! <  1, then all models which start from a big bang will
eventually turn around and approach exponential collapse. Also present are models which
start with a nite expansion rate and expand perpetually, with or without a \vacillating"
phase, and their time reversals. In the range  3=2 < ! <  7=6, all models eventually
collapse, and the collapse is asymptotically exponential for models starting from a big bang.
In this case, however, several \vacillations" are possible before the universe settles down to
its nal contracting stage.
If ! =  1, we nd the unusual \static-exponential" solutions, where the geometry is
static while the scalar eld changes exponentially with time. The solution with increasing
scalar is found to be stable, and indeed, all models which expand from a big bang approach
this solution at late times, regardless of the type of matter present. However, in the case of
vacuum energy, there is a period of contraction in the late universe in such a model; and in
the case of radiation or \sti" matter, it is possible for some initially contracting models to
turn around and briey expand before approaching a static-exponential state. In the case of
pressureless dust, no such changes in the sign of _a are seen for this value of !. The stability
of these models may be explained by the fact that in the Newtonian limit,   G
 1
[28].
Hence the exponential increase in the scalar eld corresponds to an exponential weakening
of the gravitational interactions, ensuring that the universe would not recollapse regardless
of its matter content.
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, the dynamical system specied by (2.17)
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In cases where the eigenvalues of the Jacobian all have nonvanishing real part, the xed
point is called hyperbolic and we can determine its stability from the signs of those real
parts: if the real part of each of the eigenvalues is negative at a given equilibrium point,
the solution is stable at that point; if the real part of each eigenvalue is positive, or if the
real part of one eigenvalue is positive and that of the other is negative, then the solution is
unstable at that point. Finally, if the real part of any of the eigenvalues is zero at a point,
then the point is called nonhyperbolic and its stability in the neighborhood of that point
cannot be determined by this method [29].
Table 1 shows the eigenvalues of the Jacobian for each physically interesting equilibrium
point. The points are labelled in accordance with the conventions in the text, i.e., for
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A multiplicative factor of [=2(2! + 3)]
1=2
has been left out to improve readability.
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FIGURES
FIG. 1. The evolution of solutions in the { plane with  = 0 (false-vacuum energy), where
 = 3 has been selected for convenience. (a) ! = 9=2, representative of ! > 0. Solutions to the
right of the line da=dt = 0 represent expanding universes; those to the left are contracting universes.
The shaded region requires negative energy density and so is disallowed physically. (b) ! =  1=2,
representative of  1 < ! < 0. The line da=dt = 0 has moved into the regime of positive energy
density, so that some models pass smoothly from contraction to expansion, a general feature of
models with ! < 0. (c) ! =  1. Note the attractive nature of the static-exponential solution; all
models which start from a big bang turn around and contract before approaching it asymptotically.
(d) ! =  1:4, representative of  3=2 < ! <  4=3. All models collapse to a singularity regardless
of initial conditions.
FIG. 2. Some models with  = 1 (pressureless dust) and  = 3. (a) ! = 9=2, representative of
! > 0. (b) ! =  1=2, representative of  1 < ! < 0. (c) ! =  1. (d) ! =  1:4, representative of
 3=2 < ! <  4=3.
FIG. 3. Some models with  = 4=3 (radiation) and  = 3. (a) ! =  1=2, representative of
 1 < ! < 0. (b) ! =  1. (c) ! =  1:2, representative of  5=4  ! <  1. (d) ! =  1:4,
representative of  3=2 < ! <  5=4.
FIG. 4. Some models with  = 2 (\sti matter") and  = 3. (a) ! =  1=2, representative
of  1 < ! < 0. (b) ! =  1. (c) ! =  1:2, representative of  5=4  ! <  1. The loca-
tions of the equilibrium points are marked with dots for clarity. (d) ! =  1:4, representative of
 3=2 < ! <  7=6. Only one solution is shown to avoid confusion in the plot.
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